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Abstract 

We exhibit exact finite energy superluminal solutions of Maxwell 
equations in vacuum and discuss the physical meaning of these solu- 
tions. 

Recently, some papers [1,2] have appeared in the literature showing that 
in some hypothetical media there is the possibility of the existence of super- 
luminal electromagnetic pulses (solutions of Maxwell equations) such their 
fronts travel in the media with superluminal velocities. Now, the solutions 
discovered in [1,2], despite their theoretical interest have infinite energy and 
as such cannot be produced in the physical world. Only finite aperture 
approximations to these waves can eventually be produced (supposing the 
existence of the special media). The objective of this letter is to show that 
in contrast to the solutions discovered in [1,2] (that, as already said have 
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infinite energy), there exist vacuum solutions of Maxwell equations which 
are finite energy superluminal solutions . These new solutions, as we shall 
see, appear when we solve some Sommerfeld like problems^'^ to be reported 
below. We discuss if the new solutions can be realized in the physical world. 
Moreover, we emphasize that the new solutions correspond to phenomenon 
distinct to already observed wave motion with superluminal [5-8] (or even 
negative [9,10]) group velocities. In the case, e.g., of experiments [5-8] only 
the peaks of the waves travel (for a while) with superluminal velocity whereas 
their fronts always travel at the velocity of light. 

We start by recalling how to write electromagnetic field configurations in 
terms of Hertz potentials [11,12]. Suppose we have a Hertz potential H^ of 
magnetic type. In what follows we use units such that the velocity of light 
is c = 1. Then, the associated electromagnetic field is given by 

^ = -^(Vxnj, 5 = vxVxn„. (1) 

Let us take H^ = $6^. Then, since the Hertz potential (in vacuum) satisfies 
a homogeneous wave equation, we have that 

□$ = 0. (2) 

The Sommerfeld problem (not to be confused with a Cauchy problem) to 
be considered here is the following. In a given inertial frame (the laboratory^) 
find a solution '■ {t, x) ^ C (where C is the field of complex numbers) 
for eq.(2) satisfying the following boundary conditions^ at the z = plane, 

oo 

$^(t,p,0) = T(t) / dujB{iu)Jo{iupsmr])e-''^\ 

(3) 

T{t)cosr] J dujB{Lu)Jo{ujpsmr])k{uj)e-'^\ 



dz 



z=0 



where T(t) = [0(t + T) — Q{t — T)] , 9 is the Heaviside function, k{uj) = u, 
and rj is a constant called the axicon angle [13-18] and B{k) is an appropriate 
frequency distribution. As showed in [14] the solution of eq.(2) (for z > 0,t > 
T) which satisfies the Sommerfeld conditions is 

^The laboratory is modeled by time like vector field L = ^ e sec TM. 
^The necessity for these boundary conditions is proved in [13]. 
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f dujB{u)Jo{ujpsmr])e~'^^^-''''"''^^ for \t-zcosr]\<T 

-oo 

for |t — 2;cos?7| > T. 



(4) 

We call $x a scalar superluminal X-pulse. Now, as is well known, the 
energy density for a complex field configuration, like the $X; is 

u = {dt<!>x){dt<l>*x) + (5,<fx)(5.<fx) + {dy<^x){dy^x) + {d,^x){d,^*x), (5) 

and the energy of the field configuration can be calculated by the volume 
integral of m on a constant time hyperplane, say t = T' > T. The calculation 
is easy when done in cylindrical coordinates. Recalling that from eq.(4) it 
follows that the support of the pulse at t = T' is Az = 2T / cost], we have 



SvrT 



S = ^^ / \B{k)fkdk, (6) 

sin rjcosT] J 

— CO 

where the kinetic and potential energy terms give equal contributions. Eq. (6) 
gives finite energy for the scalar X-pulse for an infinity of frequency distri- 
bution functions B(k), such that \B{k)f be null for k < 0. A trivial example 
is B{k) = [ Q{k) — Q{k — ko)], with ko a constant. Now, we study the 
electromagnetic case. The non null components of the electromagnetic field^ 
corresponding to a magnetic Hertz potential Ilm = ^x^z are (for z > 0, 
t > T) 

oo 

Ee = ism.7] J dkB{k)k'^Ji{kpsmri)e~''''^^~^''°'''^\ 

— oo 

oo 

Bp = ^sm27]J dkB{k)k^Ji{kpsmr])e-"'^'-''°''^\ for \t - z cosr]\ < T, 

— oo 

oo 

B, = sm'^r] J dkB{k)k'^jQ{kpsuir])e-'^^^-^''°^'^\ 



— oo 



Ee = Bp = Bz = 0, for \t — z cos r^l > T. 

(7) 



^Called a superluminal electromagnetic X pulse [13,14]. 
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Now, using the standard energy density of the electromagnetic field [11,12] , 
the energy of the superluminal electromagnetic X pulse results. 



27r Zmax OO 



Zniin 

OO 

- / \B(k)\^k^dk. (8) 
J 



COS 5, 

-OO 



Eq. (8) gives finite energy for superluminal solutions of Maxwell equations 
satisfying Sommerfeld boundary conditions (here expressed through condi- 
tions for the associated Hertz potential) for an infinity of possible frequency 
distributions B{k), as in the scalar case. 

We have four comments before ending this letter: 

(i) What does our finite energy solution (for the scalar wave equation) 
look like for an observer in a Lorentz frame Z e sec TM, 

{dt + Vd,), (9) 



which is moving with velocity V — cos 77 relative to the laboratory (the 
frame L ^ dt e secTM )? 

As can be easily verified the transformed solution is: 



J dujB{uj)Jo{ujpsmr])e-'^'''''i^' for \t'\ <T/smrj 
-00 

for \t'\ > T/sinry. 



(10) 

The solution is independent of the spatial coordinate z and corresponds 
to a standing wave occupying all the rest space of the Z frame and that 
exists only for the time interval At' — 2T/ sinrj. Is this result non physical? 
If not, what is the meaning of such a wave for the observers of the Z frame? 
As a Minkowski diagram can show, the wave stands for a finite period of 
time according to the time order of the Z frame because it is going to the 
past of the Z's observers. This must be a normal phenomenon if relativity 
theory is true and genuine superluminal motion exists. The observers at the 
Z frame will compute an infinite energy for that wave, but since they know 
relativity theory they will interpret the whole phenomena as follows: the 
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wave that stands for a finite period of time at our frame is a superluminal 
finite energy wave produced in a laboratory ( the L frame) that is moving 
with velocity —1/ cost] relative to our frame (i.e., Z frame). Of course, the 
Z frames physicists cannot produce such a wave in their frame, due to two 
reasons. The first is that the wave according to them has infinite energy 
and the second, which is the crucial one, is simply because the device which 
produced it is at rest in another frame (the L frame). According to the 
Principle of Relativity the Z frame physicists can duplicate in their frame 
the device used in the L frame and launch a wave like the one given by eq. (^ 
(with boundary conditions like in eq.(|)) with the (t,p,z) substituted by 
{t', p, z'). Of course, if that would be possible, we would arrive at well known 
paradoxical situations^, that fortunately need not to be discussed here (see 
(iii) below). 

Note also that the Z frame mathematicians aware of the interpretation 
given by their fellow physicists can obtain directly the solution given by 
eq.(lO) by solving a generalized mixed boundary value problem, where the 



boundary conditions are: 

oo 

= [Q{smr]t' + T) -Q {sin r]t' -T)] J diuB{Lu) Jo{iup sin r])e-''^'''''^'' 

— C50 

oo 

i COST] [Q{sinrit' + T) — Q{sinrit' — T)] J dLuB{iu)iuJo{iup sinri)e~ 



■iui sin r}t 



(ii) Of course, an analogous analysis holds for the finite energy superlu- 
minal solutions of Maxwell equations that we have just found. It is worth 
saying here that the existence of such solutions does not conflict with the fa- 
mous result on the Cauchy problem concerning the Maxwell equations. That 
result says: any electromagnetic field configuration with compact support at 
t = 0, let us say for |a?^| < R, is such that the field is null for t > for all 
\x\>R + tFl 



^More details on this issue can be found in [18]. 

proof of an anlagous theorem for the homogeneous wave equation can be found in 



[13]. For MaxweU equations see [14]. 
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(iii) Is it possible to build a physical device to launch a finite energy 
superluminal electromagnetic X pulse? Our answer is no. Indeed, finite 
aperture approximations (FAA) to exact superluminal X-like solutions of 
Maxwell equations (which, of course have finite energy) have already been 
produced [7,8]. However, these FAA are such that their peaks move with 
velocity f > 1 but their front always moves with the speed of light. This 
result has been predicted in [16,18] and is endorsed by the experimental 
results of [7,8] as proved in [13]. Now, concerning the solutions we just 
found, in order for them to be produced (by an antenna) as real physical 
waves it is necessary to produce waves that extend in all the z = plane 
where the antenna is located for the time interval — T < t < T . Of course, 
this is physically impossible because it would require that the antenna should 
be an infinite one. 

(iv) Besides the superluminal solutions just found, there are also finite 
energy suhluminal solutions (to be reported elsewhere). We must say that 
even if the new superluminal solutions cannot be produced by physical de- 
vices the only possible reason for their non existence in our universe is that 
of a possible violation of the principle of relativity. Eventually these new su- 
perluminal solutions may also find applications in the understanding of some 
fundamental issues concerning the nonlocality problem in quantum mechan- 
ics [21]. 

Acknowledgments: Authors are grateful to Drs. D.S. Thober and A.L.Xavier 
for discussions and to Dr. I. Porteous for a careful reading of the manuscript. 
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